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Abstract 
Recall that a collection 79 of subsets of a space is star-countable if each element of 7 ~ meets at 
most countably many other elements of 79. We characterize the closed image of a locally separable 
metric space as a Frrchet space with a star-countable k-network, and give a characterization for
the product of k-spaces with a star-countable k-network to be a k-space. 
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Introduction 
Let X be a space, and let 79 be a cover of X.  Recall that 79 is a k-network if whenever 
K C U with K compact and U open in X,  then K C U 79~ c U for some finite 79~ c 79. 
As is well-known, spaces with a countable (respectively g-locally finite) k-network are 
called lto-spaces (respectively R-spaces). 
We recall some basic definitions related to weak topology. Let X be a space, and let 
C be a cover of X.  Then X is determined by C [6] (= X has the weak topology with 
respect o C in the usual sense), if a subset F of X is closed in X if and only if F M C' is 
closed in C for every C E C. Also, X is dominated by C if the union of any subcollection 
C t of C is closed in X,  and any subset of the union is determined by C.  A space X is 
a k-space (respectively sequential space), if it is determined by the cover of all compact 
subsets (respectively compact metric subsets) of X. Also, we recall that a space X is 
Fr~chet if whenever :c E -A, then there exists a sequence in A converging to the point x. 
Obviously, every Frrchet space is sequential, and every sequential space is a k-space. 
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In [8], it is shown that every locally separable metric space X, as well as every closed 
image of X, has a star-countable k-network, and so does every CW-complex. Also, 
it is shown that every space with a locally countable k-network has a star-countable 
closed k-network (i.e., k-network consisting of closed subsets), and that among k-spaces, 
every space with a star-countable closed k-network is precisely the topological sum of 
R0-spaces (hence, an R-space). 
In this paper, we show that every Fr6chet space with a star-countable k-network is 
characterized as the closed image of a locally separable metric space, and we give a 
decomposition theorem on Fr6chet spaces with a point-countable k-network consisting of 
separable subsets, and some conditions for spaces with a or-hereditarily closure preserving 
k-network (respectively spaces dominated by locally separable metric subsets) to have a 
star-countable k-network (respectively star-countable closed k-network). Also, we give 
a necessary and sufficient condition for the products of k-spaces with a star-countable 
k-network to be a k-space. 
We assume that all spaces are regular and T1, and maps are continuous and onto. 
1. Spaces with a star-countable k-network 
Every space X with a ~r-hereditarily closure preserving k-network can be decomposed 
into a a-discrete space Y (i.e., Y is a countably union of closed discrete subsets of X) 
and an R-space Z; see [19]. However, not every k-space which has a point-countable k- 
network consisting of compact metric subsets, and a star-countable k-network consisting 
of separable metric subsets can be decomposed into a ~r-discrete space and an R-space; 
see Remark 1.14. But, among Fr6chet spaces, we have a decomposition theorem below. 
Before we give the theorem, we recall canonical quotient spaces S~ and $2. For 
an infinite ordinal c~, S~ is the space obtained from the topological sum of ct many 
convergent sequences by identifying all limit points to a single point oo. And, $2 = 
(N x N) U N U {ec} is the space with each point of N x N isolated. A basic nbd of 
n E N consists of all sets of the form {r~} U {(re, n): m >~ k}. And g is a nbd of oc 
if and only if U ~ ee, and U is a nbd of all but finitely many n E N. (The space S~o is 
called the sequential fan, and the space $2 is the Aren's space.) 
Theorem 1.1. Let X be a Frgchet space with a point-countable k-network consisting of 
separable subsets. Then X can be decomposed into a closed discrete subset X1 and a 
subset X2 which is the topological sum of Ro-spaces (hence, X2 is an R-space). 
ProoL Let 7 ~ be a point-countable k-network consisting of separable subsets of X. Let 
X1 = {z C X: z has no separable nbds}, and let X2 = X - XI. Clearly, XI is closed, 
and 322 is open and locally separable in X. Since X2 is a locally separable, Fr6chet 
space with a point-countable k-network, 3(2 is the topological sum of R0-spaces by [6, 
Proposition 8.8]. We prove that Xt is discrete in X. For z E X, and S = {x}U{z~n: r~ E 
N, ct < col } in X with z~n --+ z for each a < col, let us say that X has an S~ I at z if 
S is written above such that S is a copy of S~o,. 
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Claim 1. For each z E Xl ,  X has an S~ at z. 
Since x E Xl,  z is not isolated in X,  we get a sequence {Xon: n E N} such that 
xon -+ x and xon 7 £ x. Let 
= {P 
Then ?o is countable. If x E int(U ?o), then x has a separable nbd, so x E X - (U 790). 
Since x is Fr6chet, we get a sequence {zln: n E N} in X - (U 79o) such that Zln -+ z 
and Zln • x. Let 
Then 7~1 is countable. Since x E z -- (U(7~o u 791)), we get a sequence {x2,~: n E N} 
in  X - (U(7~0 u 7)1)) such that x2n ~ z and x2n ¢ z. In this way, we obtain a disjoint 
family {{z~n: n E N}: c~ < ah} of sequences in X such that 
(i) x~,~ --+ x with x~ ¢ x, and 
(ii) each element of f '  meets at most one sequence {x~,j  n E N}. 
Let Y = {x} U {xan: n E N, c~ < col}. Then Y is a copy of S~ol. Indeed, by (ii), and 
the k-networkness of 79, any compact subset of Y meets at most finitely many sequences 
{x~n: n E N}. Then, since Y is Frdchet, for any finite subset As  of {x,~: n E 
N}, U{Aa:  c~ < ah} is closed in Y. Thus Y is a copy of S~o~. Then X has an S~oj at x. 
Claim 2. X1 is discrete in X. 
Since X is Fr6chet, it suffices to show that any convergent sequence in Xl is finite. 
Suppose that there exists a convergent sequence {xn: n E N} in Xl,  where the x,~ dis- 
tinct, and x~ -+ x. By Claim l, for each x , ,  X has an S~ol at xn. For each n E N, let 
S (n) = {xn} U {x(~'~): i E N, c~ < w} be the copy of S~ol at xn. We pick a sequence 
x 1)" i E N} in S(1) with z (1). -+ xi. Let 
Since each element of 79 is a separable Fr6chet space with a point countable k-network, it 
is hereditarily separable by [6, Theorem 5.2]. Then U 791 is hereditarily separable. Thus, 
we can get a sequence {x~ F i E N} in S (2) - (U791) with x (z). -+ xz. Let 0:2 Z 
,- (3). 
Then (U']')l) U (U792) is hereditarily separable. Thus, we can get a sequence tx~3i, i E 
N} in S (3) - ( (U  791)u (U 7~2)) with _(3) ~ i  -+ x3. In this way, we obtain a disjoint family 
{{z(~)i: i E N}: n E N} of sequences in X such that 
(i) x ('~). ~ x,~ with ~(n) ~ :cc~i ~ :~n, and 
,- (n).  N} .  (ii) each element of 7:' meets at most one sequence of tx~i .  i E 
By (i) and (ii), and the k-networkness of 7:', we see that 
z -- {~} u {x~: n e N} u ~x (~). i e r~} k ~nZ 
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is a copy of $2. But, X is Fr6chet. Then X contain no copy of $2, a contradiction. Thus 
every convergent sequence in X1 is finite, so Xi is discrete in X. 
Corollary 1.2. Let X be a Frdchet space with a star-countable k-network. Then X is 
decomposed into a closed discrete subset and a subset which is the topological sum of 
R0-spaces. 
Corollary 1.3. Let X be a Fr~chet space. Then X has a locally countable k-network if 
and only if X has a star-countable k-network, and X contains no copy of S~ I. 
Proof. For the "if" part, let 79 be a star-countable k-network for X. Since X contains 
no copy of S~, in view of the proof of Theorem 1.1, each point of X has a nbd which 
is contained in a union of countably many elements of 7 "9. This shows that 79 is locally 
countable. For the "only if" part, we note that every space with a locally countable 
k-network has a star-countable k-network [8], and that S~o~ has no locally countable 
k-networks, because it is not locally Lindel6f. 
We remark that the Fr6chetness of X in Theorem 1.1, and Corollaries 1.2 and 1.3 is 
essential; see Remark 1.14. 
Every space with a e-hereditarily closure preserving (simply, cr-HCP) k-network has 
a point-countable k-network [27], but need not have a star-countable k-network. We 
consider conditions for every space with a tr-HCP k-network to have a star-countable 
k-network. Recall that a space is meta-LindeIOfif every open cover has a point-countable 
refinement. 
Theorem 1.4. I f  X satisfies one of the following properties, then X has a star-countable 
k-network. 
(1) X has a cr-HCP k-network consisting of hereditarily separable subsets. 
(2) X has a cr-HCP k-network consisting of LindelOf subsets. 
(3) X is a meta-Lindeli~f space with a ~r-HCP k-network consisting of separable 
subsets. 
(4) (CH) X is a k-space with a cr-HCP k-network consisting of separable subsets. 
(5) (2 ~° < 2 ~') X is a normal space with a cr-HCP k-network consisting of separable 
subsets. 
Proof. (2) ~ (1): By [9, Lemma 1], every Lindel6f space with a cr-HCP k-network is 
an R0-space, hence it is hereditarily separable. 
(3) ~ (2): We recall that if a collection 79 is HCP, then so is {P: P E 79}; [18, 
Lemma 5.5], for example. Then, we can assume that X has a cr-HCP k-network consisting 
of closed separable subsets. But, since X is meta-Lindel6f, any element of the k-network 
is Lindel6f. 
(4) ~ (I): Under (CH), every separable space with a ~-HCP k-network is an R- 
space [13]. While, every k- and R-space is hereditarily meta-Lindel6f [3]. Thus, each 
element of the k-network for X is Lindel6f, hence it is hereditarily separable. 
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(5) ~ (1): Under (2 w < 2~'), every normal separable space with ~r-HCP k-network 
is an lq0-space [13], hence it is hereditarily separable. 
Then, it is sufficient o prove that spaces with a c~-HCP k-network 79 = U{79n: n E 
N} (79,~ C 7~n+1) consisting of hereditarily separable subsets have a star-countable k- 
network. For each n E N, let D,~ = {z E X: 79n is not point-countable at z}, and let 
79~ = {P  - Dn: P E 79,~} @ {{z}: :r E Dn}. Then 79' = U{79~: r~ E N} is a point- 
countable k-network for X as in the proof of Proposition 1.8 in [27] (or Proposition 2
in [12]). While, for each n E N, {P - D,~: P E 79n} is a HCP collection consisting of 
hereditarily separable subsets of X, and any subset of Dn with cardinality o31 is closed, 
discrete in X. Thus, each element of 79~ meets at most countably many elements of 79~ 
for each n E N. Then 7 '~ is star-countable. Hence, T '~ is a star-countable k-network. 
Since every k- and R-space is meta-Lindel6f [3], the following holds by the previous 
theorem. 
Corollary 1.5. Let X be a k-space or meta-LindelOf space. I f  X has a or-locally finite 
k-network consisting of separable subsets, then X has a star-countable k-network. 
In view of the Theorem 1.4 and Corollary 1.5, we have the following question. 
Question 1.6. Does every space with a cr-locally finite k-network consisting of separable 
subsets have a star-countable k-network? 
We will give a characterization forthe closed images of locally separable metric spaces 
by means of star-countable k-networks. Recall that a collection 79 of subsets of a space 
X is compact-finite (respectively compact-countable) if each compact subset of X meets 
at most finitely (respectively countably) many elements of 7 9. Also, recall that a space 
X is 031-compact if every uncountable subset of X has an accumulation point i  X. 
In (2) of the following lemma, the k-hess of X is essential (indeed, there exists a 
countably compact space with a star-countable k-network, but it is not an R-space [6]). 
Lemma 1.7. Let 79 be a star-countable k-network for a space X.  Then the following 
hold. 
(1) 7 -9 is a-compact-finite (thus, compact-countable). 
(2) I f  X is an 031-compact and k-space, then 79 is countable (thus, X is an l~o-space). 
Proof. For (1), let 7 9 = {P.y: 7 E F} be a star-countable k-network for X. For % 6 E/7, 
define 7 "" 6 if there exist PI, P2, • •., P,~ E 79 such that P'r tIP1 ~ 0 , . . . ,  Pi NPi+I ¢ ~, 
and P,~ n P~ ¢ 0. By this equivalence r lation ,-,, the index set F can be decomposed 
as U{F~: c~ E A} for example. For each c~ E A, let X,~ = U{P7: " /~ F~}. Then 
X is a disjoint union of Xc,'s (c~ E A --* A), and each Xa has a countable k-network 
{P.y: "/E F~} -- {P~,~: n E N}. Then, {X,~: c~ E A} is a compact-finite cover of X. 
Indeed, let K be a compact subset of X. Since 79 is a k-network, K C U ;o, for some 
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finite 79' C 79. Let 79' = {Pi: 1 <~ i ~< n}. For each Pi, there exists Xei with Pi c X~i, 
so K C U{X~: 1 ~< i <~ n}. But, {X~: ~ E A} is disjoint. So, K doesn't meet any 
X~ with a ~ c~. This shows that {Xa: c~ E A} is compact-finite. For each n E N, let 
Af,~ = [.J{P~n: c~ E A}. Then 79 = U{.N'n: n E N} is a ~r-compact-finite k-network 
for X. For (2), since X is a k-space with the cover {X~: a E A} compact-finite, 
any subset (z=: c~ E A} with za E X~ is closed and discrete in X. But since X is 
wl-compact, {Xe: o~ E A} must be countable. This implies that 79 is countable. 
Lemma 1.8 [10]. For a space X, the following are equivalent. 
(1) X is the closed image of a locally separable metric space. 
(2) X is the closed image of a metric space, and every first countable subset of X is 
locally separable. 
(3) X is a Frgchet space with a cr-HCP k-network consisting of separable subsets. 
Theorem 1.9. A space X is the closed image of a locally separable metric space if and 
only if X is a Fr~chet space with a star-countable k-network. 
Proof. "Only if": By Lemma 1.8, X is a Frdchet space with a (r-HCP k-network consist- 
ing of separable subsets. Since X is the closed image of a metric space, any separable 
subset of X is hereditarily separable. Thus, X has a cr-HCP k-network consisting of 
hereditarily separable subsets. By Theorem 1.4 X has a star-countable k-network. 
"If": Let X be a Fr6chet space with a star-countable k-network. Then, by 
Lemma 1.7(1), X has a cr-compact-finite k-network, hence X is the closed image of 
a metric space by [12, Theorem 1]. Let C be a first countable subset of X. Then C has 
a star-countable k-network 79. For each z E C, by [6, Proposition 3.2], z E int(U 7 )') 
for some finite 79' C 7 9. Hence C is locally separable. Then, X is the closed image of a 
locally separable metric space by Lemma 1.8. 
In view of Theorems 1.1 and 1.9, we have the following question. 
Question 1.10. Is every Fr6chet space with a point-countable k-network consisting of 
separable subsets is the closed image of a locally separable metric space? 
Every space dominated by locally separable metric subsets has a star-countable k- 
network [8], but need not have  star-countable closed k-network, and not be an R-space; 
see Remark 1.14 below. We shall give a characterization for a space X dominated by 
locally separable metric subsets to have a star-countable closed k-network (equivalently, 
X is an R-space). 
Lemma 1.11 [28]. Let X be dominated by {Xe: c~ < ~}, and let Yo = Xo, and Ye = 
Xe - U{X~: /3 < c~}. Let A be a subset of X. For each c~ < ts, let Ba be a subset 
of Ya such that Be U A is closed in X. Then U{/3e: c~ < ~} u A is closed in X. In 
particular, if each Be is finite, U{B~: c~ < ~} is discrete in X. 
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Recall that a cover 79 of a space X is a cs-network [7] if whenever {x~: n E N} is 
a sequence converging to a point x E X,  and U is a nbd of x, then {x} U {xn: n /> 
m} C P C U for some P E 7 ) and m E N. 
Theorem 1.12. Let X be dominated by locally separable metric subsets. Then the fol- 
lowing are equivalent. 
(1) X is an R-space. 
(2) X is the topological sum of P~o-spaces. 
(3) X has a star-countable closed k-network. 
(4) X has a point-countable cs-network. 
Proof. (2) ~ (1) is trivial. (1) ~ (4) holds by [2, Theorem 4] (or [4]). Since X is 
a k-space, (2) ~ (3) holds by [8, Proposition 1.5]. So, we only prove (4) ~ (3). Let 
X be dominated by {X,~: c~ < t~}, where X~ are locally separable metric subsets. Let 
Y0 = X0, and Y~ = X~ - U{X~: /3 < c~} for each c~ < ~. First, we show that any 
closed separable metric subset of X meets at most countably many Y~. Indeed, suppose 
not. Then some closed separable metric subset A of X meets uncountably many YZ. 
Since these YO are metric and the Lindel6f set A meets at most countably many Y;~ by 
Lemma 1.11, we can obtain a disjoint family {LT: 7 < Wl} of sequences in X such that 
L-~ = {x~:  n E N} C Y-¢ - A, and x~ -+ x-y E A. 
Case 1: {x.r: 3' < col} is countable. Let X* -- A U (U{L.y: 3' < col}). Then X* 
contains a copy of S~ol by Lemma 1.11, so X has no point-countable cs-networks by 
[27, Lemma 2.4], a contradiction. 
Case 2: {x-~: ~/ < wl} is uncountable. We assume that the x. v are distinct. Since 
A is closed in X,  by Lemma 1.11, X* is determined by a point-finite closed cover 
C = {A, L. r U {x.y}: 7 < COl } of separable metric subsets. Let M be the topological sum 
of C. Then X* is the quotient wo-to-one image of a locally separable metric space M. 
Hence X* satisfies the weak first axiom of countability; see [1, p. 129]. But, since X* 
has a point-countable cs-network, by [11, Lemma 7(3)], X* has a point countable weak 
base W = U{T~: x E X*}; that is, each T~ is a family of subsets of X* containing 
x E X*, and closed under finite intersections, and also G c X* is open in X* if and 
only if for any x E G, there exists some T E T~, with T C G. Since A is a separable 
metric space, it has a countable base B. Then, for any x E A and T E T.~, B C T 
for some B E B with x E B. Indeed, let {B E B: x E B} = {B,~: n E N}, and let 
T contain no Bn. Then pick xn E Bn - T, so x,~ -+ x. But, since T is a weak nbd 
of x, any sequence converging to x is eventually in T, a contradiction. Then, since W is 
point-countable, WA = [.J{T~: x E A} is countable, thus WA U {{x}: x E X* -A}  is a 
g-discrete weak base of X*, hence X* has a ~r-locally finite closed k-network P by [1 1, 
Lemma 7(2)]. Let Z be the space obtained from X* by identifying A to a single point oc. 
Then Z is a copy of S~ by Lemma 1.11, and Z is the image of X* under a closed 
map f defined by f (A )  = oo. Note that A is a Lindel6f subset of X*, and each compact 
subset of Z is the image of some compact subset of X* under f .  Then it is routinely 
shown that Z has a point-countable closed k-network { f (P ) :  P E 79}. Then, S~, has a 
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point-countable closed k-network. But, S'~o~ has no point-countable closed k-networks in 
view of [24, Proposition 1 ]. This is a contradiction. 
Therefore, any closed separable metric subset of X meets only countably many Y~. 
Now, each Y= is locally separable metric, so Y= can be expressed as the topological 
sum of {Y,~: ~ E B,~}, where Y~ is separable metric. Let A/',~/i be a countable closed 
k-network for Y,~. Let A/ = U{N',~: c~ E A, ~ E B,,}. Then each element of A/ 
is a closed separable metric subset of X, so At" is star-countable. Besides, Jb r is a k- 
network for X, because any compact subset of X is contained in a finite union of Ya's 
by Lemma 1.11. Hence, A/" is a star-countable closed k-network for X. 
Since every CW-complex is dominated by compact metric subsets, the following fol- 
lows from Theorem 1.12 and [30, Corollary 6]. 
Corollary 1.13. Let X be a CW-complex. Then X is the topological sum of countable 
CW-complexes if and only if X has a point-countable cs-network. 
In conclusion of this section, let us review decomposition theorems on spaces with a 
certain k-network. 
Remark 1.14. Every space with a tr-HCP k-network can be decomposed into a ~r-discrete 
subset and an l,I-space [19]. Also, every Frtchet space X with a point-countable k-network 
consisting of separable subsets can be decomposed into a discrete subset Y and an ~- 
space Z; see Theorem 1.1. However, for the latter result, it is impossible to replace "X 
is a Frtchet space" by "X  is a k-space" even if Y is weaken to a ~r-discrete subset of X. 
Indeed, we have the following example. 
Example. There exists a k-space (indeed, CW-complex) dominated by compact metric 
subsets, such that X has the following properties. 
(a) X has a star-countable k-network consisting of separable metric subsets. 
(b) X has a point-countable k-network consisting of compact metric subsets. 
(c) X can not be decomposed into a a-discrete subset Y and a subset Z with a 
a-locally countable k-network, star-countable closed k-network, ~r-HCP k-network, or 
point-countable cs-network. 
Proof. Let M be the topological sum of a collection {I, P,~: c~ E I}, where I is the 
closed unit interval [0, 1], and each P~ is a 2-sphere. Let X be the quotient space obtained 
from M by identifying each c~ E 1 with a point p,~ of P,~. Then X is a CW-complex with 
the cells ({0}, (1}, (0.1), T-~: c~ E 1}, where T,~ = P,~ - {p,~}. Thus, X is dominated 
by compact metric subsets, so (a) holds in view of the proof of Theorem 2.4 in [8]. For 
(b), note that each compact subset of X is contained in a finite union of members in 
a point-finite cover {I, T,~: c~ E /} consisting of compact metric subsets. Then (b) is 
routinely shown. We show that (c) holds. To show this, suppose that X is decomposed 
into a a-discrete subset Y and a subset Z. Since Y N/,  and Y M Pa (c~ E 1) are at most 
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countable, Z contains a subset Z* = U{L~: a E I - Y} U ( I  - Y), where each L~ is 
an infinite sequence in P~ converging to a E 1 - Y. 
Claim 1: Z* has no a-locally countable k-networks. 
We note that I - Y is a closed Lindel6f subset of Z*, and for any finite subset F~ 
of L~,U{F~:  a E I - Y} is closed in Z*. Suppose that Z* has a a-locally countable 
(closed) k-network. Then, by the same way as in Case 2 in the proof of Theorem 1.12, 
we see that Sc (c = 2") has a point-countable closed k-network, then so does S~ol. This 
is a contradiction. 
Claim 2: Z* has no star-countable closed k-networks. 
We note that Z* is determined by a closed cover { I  - Y, L~ U {p~}: a E I -- Y} 
of metric subsets. Then Z* is a k-space, Suppose that Z* has a star-countable closed 
k-network. Then Z* has a a-locally finite k-network by [8]. This is a contradiction to 
Claim 1. 
Claim 3: Z* has no a-HCP k-networks. 
Since Z* is determined by a point-finite closed cover { I -  Y, L~ U {p~}: a E I - Y} 
of metric subsets, Z* satisfies the weak first axiom of countability. Suppose that Z* has 
a a-HCP k-network. Then Z* has a a-locally finite k-network by in view of [29], a 
contradiction. 
Claim 4: Z* has no point-countable cs-networks. 
We note that Z* satisfies the weak first axiom of countability. Suppose that Z* has a 
point-countable cs-network. Since I - Y is a closed separable metric subset of Z*, as in 
Case 2 in the proof of Theorem 1.12, Z* has a a-locally finite k-network, a contradiction. 
Therefore, (c) holds by Claims 1 ~ 4, for Z contains Z*. 
2. Products of k-spaces with a star-countable k-network 
We consider the k-space property of product of spaces with a star-countable k-network. 
We recall that a space is a k~-space [17], if it is determined by a countable cover of 
compact subsets, and that a space is a locally k~-space if each point has a nbd whose 
closure is a k~-space. Also, recall that a space X has point G~-property at z E X if x is 
an G6-set in X,  and X has point G6-property if X has point G~-property at any z E X.  
For the following lemma, see [16,17], for example. 
Lemma 2.1. Each of the following implies that X × Y is a k-space. 
(a) X is a k-space, and Y is a locally compact space. 
(b) X is a sequential space, and Y is a locally countably compact, sequential space. 
(c) X and Y are locally k~o-spaces. 
Lemma 2.2. Let X be a k-space with a star-countable k-network 79. If  X has no point 
G~-property at z E X, then there exists a disjoint family {No: a < wl} of countable 
subsets of X such that 
(a) z E No - No, and 
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(b) any compact subset of X meets at most finitely many N=. 
Proof .  Since X has not point Ga-property at z, for any countable subfamily 791 C 79, z 
int(U 79'). Indeed, if z E int(U 79'), since 79 is star-countable, U 79' has a countable k- 
network, then z is a G~-set in X, a contradiction. Now, since z is not isolated in X,  
z E X - {x}. But, X is a k-space with a point-countable k-network. Then, by [6, 
Corollary 3.4], X is sequential, and thus of countable tihgtness. Then, there exists a 
countable subset No of X such that z E No - No. Let 790 = {P E 79: P A No ¢ 0}. 
Then 79o is countable, so z E X - (U 790). Then we can get a countable subset N1 C 
X - (U 790) with z E N1 - N1. Let 79t = {P E 79: P N N1 • 0}. Then 791 is countable, 
so z E X - (U(790 u 791)). Then we can get a countable subset N2 c X - U(79o u791) 
with z E N2 - N2. In this way, we obtain a disjoint family {N~: c~ < Wl} of countable 
subsets of X such that 
(i) z E N~ - N~, and 
(ii) any element of 7 9 meets at most one N~. 
Thus, any compact subset of X meets at most finitely many N~. Indeed, let K be 
a compact subset of X. Since 7 9 is a k-network, K is contained in a finite union of 
elements of 79. Thus K meets at most finitely many N~ by (ii). 
Theorem 2.3. Let X be a k-space with a star-countable k-network, and let Y be a first 
countable space. Then X x Y is a k-space if and only if X is locally separable metric, 
or U is locally countably compact. 
Proof. We note that each ompact subset of X is metrizable, because it has a countable 
network (= net) by Lemma 1.7. Then X is sequential. Thus, the "if" part holds by 
Lemma 2.1. So, we show that "only if" part holds. Suppose that Y is not locally countably 
compact. Then, by [22, Proposition 2.4], X satisfies the following condition (C). 
(C) For each z E X, if {An: r~ E N} be a decreasing sequence with :c E (An - {z}) 
for all n E N, then there exist z,~ E An such that the sequence {~c,~: n E N} converges 
to some point z ~ E X. 
Now, suppose that X has no point G6-property at z E X in (C). Then, by Lemma 2.2, 
X has a disjoint family {Nn: n E N} of countable subsets of X such that z E N,~ - Nn 
for each n E N, and any compact subset of X meets at most finitely many N~. Then, 
putting A,~ = U{Nk: k >/n} (n E N) in (C), we can assume that there exists a non- 
closed subset {z,~: r~ E N} of X with :c~ E Nn. Since X is a k-space, there exists a 
compact subset K containing infinitely many zn. Then K meets infinitely many Nn, a 
contradiction. Thus X has point G6-property at the point z. Then we can assume that 
x' = x in (C). This shows that X is a strongly Fr6chet space (in the sense of [21]). 
While, X has a star-countable k-network. Hence, X is a locally separable metric space 
by [8, Theorem 1.4]. 
Theorem 2.4. Let X have a star-countable k-network. Then the following hold. 
(1) X 2 is a k-space if and only if X is a locally separable metric space, or a locally 
k~-space. 
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(2) If  X ~ is a k-space, then X is a locally separable metric space. 
Proof. (1) The "if" part holds by Lemma 2.1, so we prove the "only if" part holds. Let 
7 9 be a star-countable k-network for X which is closed under finite intersections. Here, in 
view of the proof of Lemma 1.7(1), 79 can be decomposed asU{79,~: c~ E A} such that 
each 79,~ is countable, and each compact subset of X meets only finite many subspaces 
X~ -- U 79~- Now, since X 2 is a k-space, by Theorem 2.3, X is locally separable metric, 
otherwise, every first countable, closed subset of X is locally countably compact, thus, 
locally compact by Lemma 1.7(2). Then, we assume that every first countable, closed 
subset of X is locally compact. Thus, since 79 is a point-countable k-network for X, 
or = {P: P E 7 9 with P compact in X} is a k-network for X in view of the proof 
of [14, Lemma 2.1]. We show that O r is star-countable. Suppose not. Then, there exists 
P0 E Or such that P0 meets uncountably many P~ E ~" (o~ < wl). Here, we can assume 
that each P~ E 79~. For each o~ < wl, since P~ is metric, there exists a sequence 
L~ = {z~,~: rL E 1~} in P~ converging to a point in P00. We can assume that the compact 
set P0 meets no these sequences L,~ (c~ < cvl). Let F = P0 U {L~: c~ < wl}. Then, 
F is a closed subset of X, because X is a k-space, and each compact subset meets 
only finitely many L~. Let S be the space obtained from F by identifying all the points 
in ~00. Then S is the perfect image of F, and S is a copy of Swl. But, X z is a k-space, 
then so is F 2. Thus, (S,~1) 2 is a k-space, for it is the perfect image of F 2. But, (Swl) 2 
is not a k-space by [5, Lemma 5]. This is a contradiction. Then, Or is star-countable. 
While, X is a k-space, and 5 v is a closed k-network for X. Then X is determined by 
the star-countable cover ~" consisting of compact subsets. Then, X is a locally k~,-space 
by [25, Theorem 1]. 
(2) Each compact subset of X is metrizable, then so is each compact subset of X ~. 
Then X ~ is sequential. Then, by [22, Proposition 4.1], X satisfies the condition (C) in 
the proof of Theorem 2.3. Thus, X is a locally separable metric space in view of the 
proof of Theorem 2.3. 
We recall a set-theoretic axiom BF(w2). Let ~v be the set of all functions from w 
to w. For f and 9 E ~w, we define f ~< 9 if and only if the set {n E w: f (n )  > 9(n)} 
is finite. BF(w2) is the following assertion: 
If F C ~w has cardinality less than wz, then there exists 9 E '°~v such that f ~< 9 for 
all f E F. 
It is easy to see that (CH) implies that BF(~v2) is false. 
Lemma 2.5 [14]. The following assertions (1) and (2) are equivalent. 
(1) BF(w2) is false. 
(2) For any X such that Sw × X is a k-space and X has a compact-countable k- 
network, X is a locally k~-space. 
Theorem 2.6. The following assertions (1) and (2) are equivalent. 
(1) BF(wz) is false. 
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(2) Suppose that X and Y are k-spaces with a star-countable k-network. Then X × Y 
is a k-space if and only if one of  the following is satisfied. 
(a) X and Y are locally separable metric spaces. 
(b) X or Y is a locally compact metric space. 
(c) X and Y are locally kw-spaces. 
Proof. (2) ~ (1): It is easy to show that &o and S~, are k-spaces with the obvious 
star-countable k-network, but they don't satisfy any of (a), (b) and (c), because S~ is not 
locally compact, and &oa is not locally Lindel6f. Then S~o x &ol is not a k-space by the 
assertion (2). Hence, BF(w2) is false by [5, Lemma 1] (or Lemma 2.5). 
(1) =~ (2): If X and Y satisfy one of the conditions (a), (b) and (c), then X x Y 
is a k-space by Lemma 2.1. For the "only if" part, let X and Y have star-countable 
k-networks, and X x Y be a k-space. 
Case 1 : X and Y contain a closed copy of S~ or $2. We note that S~ is the perfect 
image of $2, so Sw x X is the perfect image of $2 x X, and note that every perfect 
image of a k-space is a k-space. Then, X x S~ and &o x Y are k-spaces. Hence, X and 
Y are locally k~-spaces by Lemmas 1.7 and 2.5. 
Case 2: Only one of X and Y contains a closed copy of S~ or $2. We can assume that 
X contains a closed copy of S~ or $2, and Y contains no closed copy of S~ and no $2. 
Then, as is seen above, &o x Y is a k-space, hence Y is a locally k~o-space by Lemma 2.5. 
Hence Y has point G6-property. While, Y is a sequential space which contains no copy 
of S'~o and no S;z. Then Y is a strongly Fr6chet space by [26, Theorem 3.1]. Thus, Y 
is metrizable by [8, Theorem 1.4]. But, Y is a locally k~o-space. Then Y is a locally 
compact metric space. 
Case 3: X and Y contain no copy of S~ and no $2. We have (i) X and Y have point 
Gd-property, (ii) Only one of X and Y has point G6-property, or (iii) X and Y have no 
point G6-property. 
For (i), since X and Y contain o copy of &o and no $2, X and Y are locally separable 
metric spaces. For (ii), we assume that X has no point G6-property, but Y has point 
Gd-property. Then Y is metrizable. While, by Lemma 2.2, there exist a point :c E X, 
and a disjoint family {N~: c~ < col} of countable subsets of X such that z E N~ - Na, 
and any compact subset of X meets at most finitely many N~. Also, by Theorem 2.3, 
every first countable closed subset of Y is locally compact. Suppose that Y is not a 
locally k~o-space. Then, in view of the proof of Theorem 2.4(1), Y contains a closed 
subset F which is the perfect pre-image of S~. Then X x S~ is the perfect image of 
ak -spaceX x F. Thus X x &o, is ak-space. Let S = U{N~: a < col}~{z}, and 
S~, = U{L~: c~ < Wl} u {y}, where each L~ converges to y. For each a < COl, let 
f~: [0,co~) --+ [0, CO) be a function, but if a/> CO, f~ restricted to [0, c~) is a one-to-one 
map onto [0, CO). For each c~ < COl, let N~ = {rn~: m < CO}, L~ = {ha: n < CO}, and 
let Ha = {(m~, (f~03))~) E S x S~,: m ~ f~(/3)}, and H = U{H~: a < COl} as in 
the proof of [5, Lemma 5]. Then, for every compact subset K of X x S~<, H f-1 K is 
finite, thus, closed in K. Then, H is closed in X x &<. But, (z, y) E H - H, so H 
is not closed in X x S~. This is a contradiction. Thus Y is a locally k~o-space. Since 
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Y is metric, Y is locally compact. For (iii), since X has no point G~-property, Y is a 
locally k~o-space in view of the above arguments. Then Y has point G~-property. This is 
a contradiction, so (iii) doesn't occur. 
Addendam. (1) Quite recently, M. Sakai [20] gave the following results (A) and (B). (A); 
(B) is an affirmative answer to (2); (3) in [8, Question 4.3] respectively. (B) also gives an 
affirmative answer to Question 1.10 in view of Theorem 1.9. In (B), the Fr6chetness of X 
is essential even if X is a separable Lindel6f k-space with a point-countable k-network 
consisting of compact metric subsets; see [15]. In [20], he also gave a negative answer 
to Question 1.6. 
(A) Every separable k-space X with a star-countable k-network is an R0-space. 
(B) Every Fr6chet space X with a point-countable k-network consisting of separable 
subsets has a star-countable k-network. 
We note the following holds by (B) and Theorem 1.9. This is also pointed out in [20]. 
Proposition. Every closed image of a locally separable metric space is characterized as
a Fr6chet space with a point-countable k-network consisting of separable subsets. 
(2) Quite recently, the authors showed that Theorems 2.4 and 2.6 remain true when 
we replace "star-countable k-network" by "compact-countable k-network", but replace 
"locally separable metric space(s)" by "space(s) with a point-countable base". 
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